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We discuss gravity-like formulations of massive Abelian and non-Abelian gauge field theories in 
four space-time dimensions with particular emphasis on the issue of gauge invariance. Alternative 
descriptions in terms of antisymmetric tensor fields and geometric variables, respectively, are anal- 
ysed. In both approaches Stiickelberg degrees of freedom factor out. We also demonstrate, in the 
Abelian case, that the massless limit for the gauge propagator, which does not exist in the vector 
potential formulation, is well-defined for the antisymmetric tensor fields. 
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I. INTRODUCTION 

Massive gauge bosons belong to the fundamental con- 
cepts we use for picturing nature. Prominent exam- 
ples are found in the physics of electroweak interac- 
tions, superconductivity, and confinement. Even more 
than in the massless case, gauge invariance is a severe 
constraint for the construction of massive gauge field 
theories. Usually additional fields beyond the original 
gauge field have to be included in order to obtain gauge 
invariant expressions. [26[ Technically, this is linked to 
the fact that the aforementioned gauge field — the Yang- 
Mills connection — changes inhomogeneously under gauge 
transformations and encodes also spurious degrees of 
freedom arising from the construction principle of gauge 
invariance. This complicates the extraction of physical 
quantities. A variety of approaches has been developed 
in order to deal with this situation. Wilson loops [l[ 
represent gauge invariant but non-local variables. [27| Al- 
ternatively, there exist decomposition techniques like the 
one due to Cho, Faddeev, and Niemi Q]. Here we first 
pursue a reformulation of massive Yang-Mills theories in 
terms of antisymmetric gauge algebra valued tensor fields 
B^ v (Sect. [TlJ) and subsequently continue with a represen- 
tation in terms of geometric variables (Sect. IIIip . 

In Sect. Ill Al we review the massless case. It is re- 
lated to gravity Q formulated as BF gravity 0] and 
thus linked to quantum gravity. The antisymmetric ten- 
sor field can be seen as dual field strength and transforms 
homogeneously under gauge transformations. This fact 
already makes it simpler to keep track of gauge invari- 
ance. In Sect. Ill 51 the generalisation to the massive case 
is presented. In the B^ v field representation the (non- 
Abelian) Stiickelberg fields, which are commonly present 
in massive gauge field theories and needed there in or- 
der to keep track of gauge invariance, factor out com- 
pletely. In other words, no scalar fields are needed for a 
gauge invariant formulation of massive gauge field theo- 
ries in terms of antisymmetric tensor fields. The case of 
a constant mass is linked to sigma models (gauged and 
ungauged) in different respects. Sect. Ill B~T1 contains the 
generalisation to a position dependent mass, which cor- 
responds to introducing the Higgs degree of freedom. In 
Sect. Ill B~2l non-diagonal mass terms are admitted. This 



is necessary to accommodate the Weinberg-Salam model, 
which is studied as particular case. 

Sect. IIIII presents a description of the massive case, 
with constant and varying mass, in terms of geometric 
variables. In this step the remaining gauge degrees of 
freedom are eliminated. The emergent description is in 
terms of local colour singlet variables. Finally, Sect. IIII Al 
is concerned with the geometric representation of the 
Weinberg-Salam model. 

The Appendix treats the Abelian case. It allows to 
better interpret and understand several of the findings in 
the non-Abelian settings. Of course, in the Abelian case 
already the B^ v field is gauge invariant. Among other 
things, we demonstrate that the m — > limit of the gauge 
propagator for the B^ v fields is well-defined as opposed 
to the ill-defined limit for the field propagator. 

Sect. IIVI summarises the paper. 



II. ANTISYMMETRIC TENSOR FIELDS 
A. Massless 

Before we investigate massive gauge field theories let 
us recall some details about the massless case. The parti- 
tion function of a massless non-Abelian gauge field theory 
without fcrmions is given by 



P := / [dA] exp{ijd 4 x£}, 



(1) 



with the Lagrangian density 

£ = £o :=-^F^F a ^ 

and the field tensor 

F; v := d,A a v - d u Al + l ahc A\A%. 

A^ stands for the gauge field, f abc for the antisymmetric 
structure constant, and g for the coupling constant. [28| 
Variation of the classical action with respect to the gauge 
field gives the classical Yang-Mills equations 



(2) 



(3) 



Df(A)F b ^ = 0, 



(4) 
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where the covariant derivative is defined as D^ b (A) := 
5 ab d^ + f acb A c ^. The partition function in the first-order 
formalism can be obtained after multiplying Eq. ([T]) with 
a prefactor in form of a Gaussian integral over an anti- 
symmetric tensor field B^ v , 

P Si J[dA][dB]eMiJdH£o-^B« v B^]}. (5) 

("=" indicates that in the last step the normalisation of 
the partition function has been changed.) Subsequently, 
the field B^ v is shifted by ^F^ v , where the dual field 
tensor is defined as F^ v := ^efj, UKX F aKX , 

p = J [dA][dB] x 

x eMifd'xl-^B^ - £b; v B^}}. (6) 

In this form the partition function is formulated in terms 
of the Yang-Mills connection A° and the antisymmetric 
tensor field B^ v as independent variables. Variation of 
the classical action with respect to these variables leads 
to the classical equations of motion 

9 2 B% = -F; V and Df{A)B b ^ = Q, (7) 

where B" := \e K \^ v B aKX . By eliminating the origi- 
nal Yang-Mills equation ([4} is reproduced. Every term in 
the classical action in the partition function © contains 
at most one derivative as opposed to two in Eq. ((TJ . This 
explains the name "first-order" formalism. The classical 
action in Eq. (|6|) is invariant under simultaneous gauge 
transformations of the independent variables according 
to 

B a "T a =: B^ -> Bff := UB^U\ (9) 

or infinitesimally, 

5A« = d^0 a + f ahc A\Q c 
SB% = f abc BlJ c . (10) 

The T a stand for the generators of the gauge group. From 
the Bianchi identity D ab {A)F b ^ v = follows a second 
symmetry of the BF term alone: Infinitesimally, for un- 
changed At, 

sb; v = - mi + r bc (A b ^t - A b j^). (ii) 

A particular combination of the transformations (|10p and 
(JTTJ, a = n^A® and = n^B^ u , corresponds to the 
transformation of a tensor under an infinitesimal local 
coordinate transformation x^ — > x^ — n^{x), 

SB„ V = B Xu d^n x + B^ x d u n x + n x d x B^, (12) 

that is a diffeomorphism. Hence, the BF term is dif- 
feomorphism invariant, which explains why this theory 



is also known as BF gravity. The BB term is not dif- 
feomorphism invariant and, hence, imposes a constraint. 
The combination of the two terms amounts to an action 
of Plebanski type which are studied in the context of 
quantum gravity [H, 0| • 

We now would like to eliminate the Yang-Mills connec- 
tion by integrating it out. For fixed B" the integrand 
of the path integral is not gauge invariant with respect 
to gauge transformations of the gauge field A® alone; the 
field tensor F^ v transforms homogeneously and the corre- 
sponding gauge transformations are not absorbed if 
is held fixed. Therefore, the integral over the gauge group 
is in general not cyclic which otherwise would render the 
path integral ill-defined. The term in the exponent linear 
in the gauge field A®, A®d fl B afiL ' , is obtained by carry- 
ing out a partial integration in which surface terms are 
ignored. Afterwards it is absorbed by shifting A^ by 
QB- 1 )f u (d x B bXu ), where Bf v := f abc B« v . In general its 

inverse (IB" 1 )^, defined by (B- 1 )f v B^ ! x g UK = S ac g^ x 
exists in three or more space-time dimensions [5]. We 
are left with a Gaussian integral in A^ giving the inverse 
square-root of the determinant of IB"', 

Det~^B := JJdct^B 

X 

= J[da]e^{-^Sd A xa a ^B ab v a hv }. (13) 

In the last expression appears in the place of an in- 
verse gluon propagator, that is sandwiched between two 
gauge fields. This analogy carries even further: Interpret- 
ing d^B atiu as a current, {B,- 1 ) ab v {d x B bXu ), the current 
together with the "propagator" (B -1 )^, is exactly the 
abovementioned term to be absorbed in the gauge field 
At. Finally, we obtain, 

P = J[dB]Det-iBexp{ifd i x[-^B^ u B a ^ - 

-Hd^B^iB-XAdxB^)]}. (14) 

This result is known from @, d, 0j- The exponent in 
the previous expression corresponds to the value of the 
[dA] integral at the saddle-point value A° of the gauge 
field. It obeys the classical field equation 0. Using 
A°(B) = {B- 1 ) a Jl(d x B bx,y ) the second term in the above 

exponent can be rewritten as — | J d A xB® iy F a ' J -"[A(B)}, 
which involves an integration by parts and makes its 
gauge invariance manifest. The fluctuations around 

the saddle point At, contributing to the partition func- 
tion ([6]), are Gaussian because the action in the first-order 
formalism is only of second order in the gauge field At. 
They give rise to the determinant (fT3|) . What happens 
if a zero of the determinant is encountered can be un- 
derstood by looking at the Abelian case discussed in Ap- 
pendix|Al There the BF term does not fix a gauge for the 
integration over the gauge field A^ because the Abelian 
field tensor F^ v is gauge invariant. If it is performed 
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nevertheless one encounters a functional S distribution 
which enforces the vanishing of the current d^B^ v . In 
this sense the zeros of the determinant in the non-Abelian 
case arise if B" is such that the BF term does not totally 
fix a gauge for the [dA] integration, but leaves behind a 
residual gauge invariance. It in turn corresponds to van- 
ishing components of the current d ll B afJ - lJ . (Technically, 
there then is at least one flat direction in the otherwise 
Gaussian integrand. The flat directions are along those 
eigenvectors of IB possessing zero eigenvalues.) 

When incorporated with the exponent, which requires 
a regularisation Q, the determinant contributes a term 
proportional to i In det IB to the action. This term to- 
gether with the BB term constitutes the effective poten- 
tial, which is obtained from the exponent in the partition 
function after dropping all terms containing derivatives of 
fields. The effective potential becomes singular for field 
configurations for which det IB = 0. It is gauge invari- 
ant because all contributing addends are gauge invariant 
separately. 

The classical equations of motion obtained by varying 
the action in Eq. (fT?)) with respect to the dual antisym- 
metric tensor field B ap,l/ are given by 

— (d p B dpK )(B~ 1 )^f abc (1B~ 1 )l e x (d cr B e ' TX ), 

(15) 

which coincides with the first of Eqs. ([7]) with the 
field tensor evaluated at the saddle point of the action, 
F* [A (_£?)]. Taking into account additionally the effect 
due to fluctuations of A a contributes a term proportional 
to f~°™ det -1 IB to the previous equation. 

B. Massive 

In the massive case the prototypical Lagrangian is of 
the form C = C a +C m , where C m := ^-A^A^. (Due to 
our conventions the physical mass is given by m p h ys := 
mg.) This contribution to the Lagrangian is of course 
not gauge invariant. Putting it, regardlessly, into the 
partition function, gives 

P = J [dA][dU] exp{ifd 4 x[£ + •^AJA a "]}, (16) 

which can be interpreted as the unitary gauge represen- 
tation of an extended theory. In order to see this let us 
split the functional integral over A® into an integral over 
the gauge group [dU] and gauge inequivalent field config- 
urations [dA]' . Usually this separation is carried out by 
fixing a gauge according to 

J [dA]' := J [dA]S[f a (A) - C a ]A f (A). (17) 

f a (A) = C a is the gauge condition and A/ (A) stands 
for the Faddeev-Popov determinant defined through 



1 = J[dA]5[f a (A) - C a ]A f {A) 29]. Introducing this 
reparametrisation into the partition function (|16p yields, 

P = J[dA]'[dU]eMifd 4 x{-^F^F a ^ + 

+sf[A li - iU\d^U)] a [A^ - iU\d^U)] a }). 

(18) 

Cq is gauge invariant in any case and remains thus un- 
affected. In the mass term the gauge transformations 
appear explicitly Q. We now replace all of these gauge 
transformations with an auxiliary (gauge group valued) 
scalar field <I>, — + $, obeying the constraint 

$ f $=l. (19) 

The field $ can be expressed as $ =: e~ l9 , where 
6 =: 9 a T a is the gauge algebra valued non-Abelian gen- 
eralisation of the Stiickelberg field [13] . For a massive 
gauge theory they are a manifestation of the longitudi- 
nal degrees of freedom of the gauge bosons. In the con- 
text of symmetry breaking they arise as Goldstone modes 
(" pions" ) . In the context of the Thirring model these ob- 
servations have been made in [ill ]. There it was noted 
as well that the 8 is also the field used in the canonical 
Hamiltonian Batalin-Fradkin-Vilkovisky formalism [2] • 
We can extract the manifestly gauge invariant classical 
Lagrangian 

£cl := -IF F ^ F<W + mHr[(D^(D^)], (20) 

where the scalars have been rearranged making use of the 
product rule of differentiation and the cyclic property of 
the trace and where Z? M $ := d^—iA^. Eq. (f20|) resem- 
bles the Lagrangian density of a non-linear gauged sigma 
model. In the Abelian case the fields 9 decouple from 
the dynamics. For non-Abelian gauge groups they do 
not and one would have to deal with the non-polynomial 
coupling to them. 

In the following we show that these spurious degrees of 
freedom can be absorbed when making the transition to a 
formulation based on the antisymmetric tensor field . 
Introducing the antisymmetric tensor field into the corre- 
sponding partition function, like in the previous section, 
results in, 

p = J [dA][d<S>][dB]eyLv{i$d' i x x 

v/ — slf! a R"'"' - Iff" 1 R»F i 
± ±J [iv 1J 2 iiv ~ 

+ ^[A^~ i^>(d^)] a [A" ~ &(&*&)]*}). 

(21) 

Removing the gauge scalars $ from the mass term by a 
gauge transformation of the gauge field A^ makes them 
explicit in the BF term, 

P = |[ < L4][d$][dB]exp{i/d*x[-^S^B°'»'- 

-tY{<PF^&B^) + zg-A'A*!*]}. (22) 
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In the next step we would like to integrate over the Yang- 
Mills connection A a ^ . Already in the previous expression, 
however, we can perceive that the final result will only 
depend on the combination of fields & B pv Q. [The <& 
field can also be made explicit in the BB term in form 
of the constraint (fT9|) .] Therefore, the functional inte- 
gral over $ only covers multiple times the range which 
is already covered by the [dB] integration. Hence the 
degrees of freedom of the field $ have become obsolete 
in this formulation and the [t£$] integral can be factored 
out. Thus, we could have performed the unitary gauge 
calculation right from the start. In either case, the final 
result reads, 



P S [[dB]Det-*Mexp{ifd 4 x[-£B« v B a » v - 

-±(d K B a »*)(M- 1 )'*(dxB b) ")]}, (23) 



where M 



a b 



B 



nb 



m 2gabg which coincides with 
0. Mj£ and hence (M -1 )^ transfo rm homogeneously 
under the adjoint representation. In Eq. I]14p the cen- 
tral matrix (B -1 )^, in the analogous term transformed 
in exactly the same way. There this behaviour ensured 
the gauge invariance of this term's contribution to the 
classical action. Consequently, the classical action in the 
massive case has the same invariance properties. In par- 
ticular, the aforementioned gauge invariant classical ac- 
tion describes a massive gauge theory without having to 
resort to additional scalar fields. For det B ^ 0, the limit 
m — ► is smooth. For detB = the conserved current 
components alluded to above would have to be separated 
appropriately in order to recover the corresponding S dis- 
tributions present in these situations in the massless case. 

Again the effective action is dominated by the term 
proportional to \ det M. The contribution from the mass 
to M shifts the eigenvalues from the values obtained for 
B. Hence the singular contributions are typically ob- 
tained for eigenvalues of B of the order of m 2 . The ef- 
fective potential is again gauge invariant, for the same 
reason as in the massless case. 

The classical equations of motion obtained by variation 
of the action in Eq. IpTj) are given by, 



Df{A)B b ^ 



\A V - i$(<9"$ t )] a , 







i r /dM[^-i$(9^ t )] a } 2 . (24) 



In these equations a unique solution can be chosen, that 
is a gauge be fixed, by selecting the scalar field <E>. <I> = 1 
gives the unitary gauge, in which the last of the above 
equations drops out. The general non-Abelian case is 
difficult to handle already on the classical level, which 
is one of the main motivations to look for an alternative 
formulation. In the non-Abelian case, the equation of 
motion obtained from Eq. (|23p resembles strongly the 



massless case, 

9 2 B% = {g^- 9 ;gl)d p {M- 1 rJ' K {d x B b ^)- 

-(d p B d n(M-XU atC ( M ^ e x(d,B eaX ), 

(25) 

insofar as all occurrences of (B -1 )^, have been replaced 
by (M -1 )^. Incorporation of the effect of the Gaussian 
fluctuations of the gauge field A^ would give rise to a con- 
tribution proportional to Tjip^z det -1 M in the previous 
equation. 

Before we go over to more general cases of massive 
non-Abelian gauge field theories, let us have a look at 
the weak coupling limit: There the BB term in Eq. (|2"Tj) 
is neglected. Subsequently, integrating out the field 
enforces = 0. [This condition also arises from the 
classical equation of motion |24|) for g=0.] Hence, for 
vanishing coupling exclusively pure gauge configurations 
of the gauge field A a ^ contribute. They can be combined 
with the $ fields and one is left with a non-linear reali- 
sation of a partition function, 

P 9 i° /"[ff$] expjW /d 4 ir tr[(d /x $ t )(0'*$)]} ! (26) 
J21t J 

of a free massless scalar [13| . Setting 5 = interchanges 
with integrating out the B^ v field from the partition func- 
tion (|21[) . Thus, the partition function (|2"3"|) with g = is 
equivalent to (|26|) . That a scalar degree of freedom can 
be described by means of an antisymmetric tensor field 
has been noticed in 1141 . 



1. Position- dependent mass and the Higgs 

One possible generalisation of the above set-up is ob- 
tained by softening the constraint (JTHI) ■ This can be seen 
as allowing for a position dependent mass. The new 
degree of freedom ultimately corresponds to the Higgs. 
When introducing the mass m as new degree of freedom 
(as "mass scalar") we can restrict its variation by in- 
troducing a potential term V{m 2 ), which remains to be 
specified, and a kinetic term K(m), which we choose in 
its canonical form K(m) = ^(d fi m)(d fi m). It gives a 
penalty for fast variations of m between neighbouring 
space-time points. The fixed mass model is obtained in 
the limit of an infinitely sharp potential with its mini- 
mum located at a non-zero value for the mass. Putting 
together the partition function in unitary gauge leads to, 

P = J [dA][dm] exp{ifd i x[-^F^ v F a ^ + 



+ ^A a A^ + K(m) + V(m 2 )}}, 



(27) 



where we have introduced the normalisation constant 
Af '■= dim R, with R standing for the representation of 
the scalars. This factor allows us to keep the canonical 
normalisation of the mass scalar m. We can now repeat 
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the same steps as in the previous section in order to iden- 
tify the classical Lagrangian, 



4<r 



■F^F a ^+N-hr[(D^(D^)} + VM 2 ), 



where now <fi :— m<I>. In order to reformulate the parti- 
tion function in terms of the antisymmetric tensor field 
we can once more repeat the steps in the previous sec- 
tion. Again the spurious degrees of freedom represented 
by the field <& can be factored out. Finally, this gives 



J [dB][dm]T)et-^Mexp{iJd 4 x[^^B a ^B a ^ 



P ^ 



+K(m) + V(m 2 )}}, 



bXi- 



(28) 



where M°' = — m 2 Af~ 1 6 g^ v depends on the space- 
time dependent mass m. The determinant can as usual 
be included with the exponent in form of a term pro- 
portional to i det M, the pole of which will dominate the 
effective potential. As just mentioned, however, M is also 
a function of m. Hence, in order to find the minimum, 
the effective potential must also be varied with respect 
to the mass m. 

Carrying the representation in terms of antisymmetric 
tensor fields another step further, the partition function 
containing the kinetic term K{m) of the mass scalar can 
be expressed as Abelian version of Eq. 



J [db][da}exp{ijd 4 x[-fb^r» + \a^]} = 
[dm] exy{ijd i x\\{d^m){d> l m)]}, (29) 



where here the mass scalar m is identified with the 
Abelian gauge parameter. Combining the last equation 
with the partition function (f2"B")) all occurrences of the 
mass scalar m can be replaced by the phase integral 
m — ► J dx^a^. The bf term enforces the curvature / 
to vanish which constrains to pure gauges d^m and 
the aforementioned integral becomes path- independent. 



2. Non-diagonal mass term and the Weinberg-Salam model 

The mass terms investigated so far had in common that 
all the bosonic degrees of freedom they described pos- 
sessed the same mass. A more general mass term would 
be given by C m := ^-A® A bfJ -m ab . Another similar ap- 
proach is based on the Lagrangian C rn := ^trlA^A^^} 
where \& is group valued and constant. We shall begin our 
discussion with this second variant and limit ourselves to 
a \1/ with real entries and tr\& = 1, which, in fact, does 
not impose additional constraints. Using this expression 
in the partition function (|27p and making explicit the 



gauge scalars yields, 

P= I \dA][dm]ex${i$d 4 x[- 



1 pa pafiv 



\tv{{D^)\D^)^} + V(m 2 )]}. 



(30) 



Expressed in terms of the antisymmetric tensor field 
B^, the corresponding partition function coincides with 
Eq. (HH but with Mf v replaced by Mf u := B^ - 
m 2 tr{T a T b V}g^. 

Let us now consider directly the SU(2) x U(l) 
Weinberg-Salam model. Its partition function can be 
expressed as, 

P = J[dA][di:}eM^d i x[~^F^F^ + 

+ ^(d, + iA^Cd* - iA»)1> + V{\4>\ 2 )]}, 

(31) 

where ip is a complex scalar doublet, A^ := AfiT-, with 
a £ {0;...;3}, T a here stands for the generators of 
SU(2) in fundamental representation, and, accordingly, 
T° for || times the 2 x 2 unit matrix, with the U(l) 
coupling constant go . The partition function can be 
reparametrised with ip = mQvjj, where m = y^f^p, $ 
is a group valued scalar field as above, and ip is a con- 
stant doublet with \ip\ 2 = 1. The partition function then 
becomes, 



P = [dA] [d$] [dm] exp(i / d 4 x{- 



1 771 a_ j^apLV 



where 



+ ™! t r[$ t ( d „ + iA^)(d " - »A")$¥] + 
+Ud tl m){d^m) + V(m 2 )}), 



* = $ <g> 



(32) 



(33) 



Making the transition to the first order formalism leads 
to 



P = J [dA] [dB] [d$] [dm] exp^/tf^-^S^B^ - 

-\F^ V B^ V + K{m) + V{m 2 ) + 

+ mi tr [$t( *d„ + iA^Cd" - (34) 

As in the previous case, a gauge transformation of the 
gauge field A^ can remove the gauge scalar $ from the 
mass term (despite the matrix ty). Thereafter $ only 
appears in the combination & B^Q and the integral [d$] 
merely leads to repetitions of the [dB] integral. [The U(l) 
part drops out completely right away.] Therefore the [d$] 
integration can be factored out, 

P s J[dA][dB][dm]eiqp{ifd?x[-%B% v B* u '- 



1 i^a_ fjafAV 
' 2 p>v 



-t?{A»A^) 



+K(m) + V(m 2 )]}. 



(35) 
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The subsequent integration over the gauge fields Afi leads 
to 

P ^ J[dB][dm}T>et-?Meyv{ij<fix[-£B% v B^ v - 
+K(m) + V(m 2 )]}, (36) 



where M$ := B$ - m 2 ty(T^T^)g^. 

From hereon we continue our discussion based on the 
mass matrix 



:= ±tr({T^,T^}4<), 



(37) 



which had already been mentioned at the beginning of 
Sect. Ill B 21 m— is real and has been chosen to be sym- 
metric. (Antisymmetric parts are projected out by the 
contraction with the symmetric Af^A-^.) Thus it pos- 
sesses a complete orthonormal set of eigenvectors f£j with 

the associated real eigenvalues rrij, m— /iy = ^-m^y. 
With the help of these normalised eigenvectors one can 
construct projectors 7rj^ := ^/xj/zj and decompose the 
mass matrix, m— = ra^ir^. The projectors are com- 



plete, 1— = £j7rj^, idempotent ^TrjVj 2 = 7TJ 2 , and 

satisfy t^"^ J — fe 0. The matrix B^|, the antisym- 
metric tensor field B®, and the gauge field A^ can 
also be decomposed with the help of the eigenvectors: 
B7I = fJ-jhjinl, where hjl := /ijBf|^|; B% = V^f, 
where b^ y := B%[i~ and A% = afaf, where := Affij. 
Using this decomposition in the partition function (|36|) 
leads to, 



P = / [db^dmpet-'tnexpiifd^xl-^V b^" 



+K(m) + V{m 2 )}}, 



(38) 



where mj^, 



Making use of the concrete form of m— given in 
Eq. (13~7| , inserting W from Eq. (j3"3"|) , and subsequent diag- 

onalisation leads to the eigenvalues 0, j, | and j{1 + 
These correspond to the photon, the two W bosons and 
the heavier Z boson, respectively. The thus obtained tree- 
level Z to W mass ratio squared consistently reproduces 
the cosine of the Weinberg angle in terms of the coupling 



constants, cos 2 



9'+ at, 



Due to the masslessness of 



the photon one addend in the sum over I in the expression 
mi* above does not contribute. Still, the total mS, does 
not vanish like in the case of a single massless Abelian 
gauge boson (see Appendix [XJ • Physically this corre- 
sponds to the coupling of the photon to the W and Z 
bosons. 



III. GEOMETRIC REPRESENTATION 

The fact that the antisymmetric tensor field B" trans- 
forms homogeneously represents already an advantage 
over the formulation in terms of the inhomogeneously 
transforming gauge fields A" Still, contains de- 

grees of freedom linked to the gauge transformations ^ . 
These can be eliminated by making the transition to 
a formulation in terms of geometric variables. In this 
section we provide a classically equivalent description of 
the massive gauge field theories in terms of geometric 
variables in Euclidean space for two colours by adapt- 
ing Ref. [l6| to include mass. The first-order action is 
quadratic in the gauge-field A°.[3(| Thus the evaluation 
of the classical action at the saddle point yields the ex- 
pression equivalent to the different exponents obtained 
after integrating out the gauge field A a ^ in the various 
partition functions in the previous section. In Euclidean 
space the classical massive Yang-Mills action in the first 
order formalism reads 



S:-- 



J d i x{C 



where 



bb + I~-bf + Caa), 



£bb - -^B^B^, 

£1 i ^llvk\ tdcl 771a 

BF - +J<? fj,i/ k\i 

C AA = -*$-A%Al. 



(39) 

(40) 
(41) 
(42) 



At first we will investigate the situation for the unitary 
gauge mass term Laa and study the role played by the 
scalars $ afterwards. 

As starting point it is important to note that a metric 
can be constructed that makes the tensor B® self-dual 
0. In order to exploit this fact, it is convenient to define 
the antisymmetric tensor (j £ {1;2;3}) 



n 



„0 



„A„B 



(43) 



with the self-dual 't Hooft symbol rj AB [TtJ [3l[ and the 
tetrad e A . From there we construct a metric in terms 
of the tensor 



e A e A - - 



where 



and 



2yg 



c fJ,VK,Xrjij 



kX 



(44) 



(45) 



(VI) 3 :_ sfe^^Mi^i^Ma^-^s^a) X 

x ( e 3'k'l'Tj!. iXl T* 2X3 T l K3X3 ) x 



x g/ilflKlAl £ A l 2l / 2K2 A2 g A 1 3^3«3A3 (46) 



Subsequently, we introduce a triad d°j such that 



d a T 3 



(47) 
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This permits us to reexpress the BB term of the classical 
Lagrangian, 

Cbb = -iT^h jk T^, (48) 

where h jk := d%d%. Putting Eqs. (J37J) and ((45]) into the 
saddle point condition 

\e KXlMV Df{A)B b KX = +im 2 A a v (49) 

gives 

Df{A){^gd]T^ v ) = WI;. (50) 

In the following we define the connection coefficients 7 P n 
as expansion parameters of the covariant derivative of the 
triads at the saddle point in terms of the triads, 

Df{A)d) =: 7/1 |*d£. (51) 

This would not be directly possible for more than two 
colours, as then the set of triads is not complete. The 
connection coefficients allow us to define covariant deriva- 
tives according to 

V$:=d M 5* + -y$. (52) 

These, in turn, permit us to rewrite the saddle point 
condition (|4"9"|) as 

dp7^{JgT^)=™ 2 K, (53) 
and the mass term in the classical Lagrangian becomes 

Caa = ^,\HVsT i n]hki^.UVsT^)}- (54) 

In the limit m — * this term enforces the covariant con- 
servation condition V Jlt |f ! (y / gT t '" / ) = 0, known for the 
massless case. It results also directly from the saddle 
point condition $55$. Here d£V ' ^(y/gT^) are the di- 
rect analogues of the Abelian currents e^ UK daB K \, which 
are conserved in the massless case [see Eq. (|A6j) ] and dis- 
tributed following a Gaussian distribution in the massive 
case [see Eq. (|A10p ], 

The commutator of the above covariant derivatives 
yields a Riemann-like tensor R k ^ v 

R k 3llv :=[V^ u ]l (55) 

By evaluating, in adjoint representation (marked by 
°), the following difference of double commutators 
[D^(A), [D V {A), dj]] — (/i <-> v) in two different ways, one 
can show that 

i[d j ,F^{A)]=d k R h jtlv: (56) 
or in components, 

KM) = ¥ ahc d h 'dlR k ^ v , (57) 



where d a; >d% := 8 3 k defines the inverse triad, d aj ' = h? k d\. 
Hence, we are now in the position to rewrite the remain- 
ing BF term of the Lagrangian density. Introducing 
Eqs. (g7]) and ([57]) into Eq. gT]) results in 

Cbf = iVsT J ^R k i^e jmk h lm . (58) 

Let us now repeat the previous steps with a mass term 
in which the gauge scalars <E> are explicit, 

C-AA ■■= md^)} a [A, - z^d^T. (59) 

In that case the saddle point condition (|49p is given by, 

\e^Df{A)B b KX = im 2 [A v - i<P(d„&)] a , (60) 

or in the form of Eq. ([53")) , that is with the left-hand side 
replaced, 

dV3 '^(VgT j n = im 2 [A v - i$(4*t)f. (61) 

Reexpressing C\ A with the help of the previous equation 
reproduces exactly the unitary gauge result ([5^| for the 
mass term. 

Finally, the tensor IB appearing in the determinant 
(fT3"|) , which accounts for the Gaussian fluctuations of the 
gauge field A®, formulated in the new variables reads 
Bj£ = ^fgj ahc d a i T i ^ v . Now all ingredients are known 
which are needed to express the equivalent of the parti- 
tion function (TIB|) in terms of the new variables. For a 
position-dependent mass the discussion does not change 
materially. The potential and kinematic term for the 
mass scalar m have to be added to the action. 

Contrary to the massless case the A^ dependent part 
of the Euclidean action is genuinely complex. Without 
mass only the T-odd and hence purely imaginary BF 
term was A° dependent. With mass there contributes 
the additional T-even and thus real mass term. There- 
fore the saddle point value A a ^ for the gauge field becomes 
complex. This is a known phenomenon and in this con- 
text it is essential to deform the integration contour of 
the path integral in the partition function to run through 
the saddle point [la ]. For the Gaussian integrals which 
are under consideration here, in doing so, we do not re- 
ceive additional contributions. The imaginary part lA® 
of the saddle point value of the gauge field transforms 
homogeneously under gauge transformations. The com- 
plex valued saddle point of the gauge field which is in- 
tegrated out does not affect the real-valuedness of the 
remaining fields, here B". In this sense the field 
represents a parameter for the integration over A®. The 
tensor TL, is real-valued by definition and therefore the 
same holds also for the triad d°j [see Eq. ([!?])], hu is 
composed of the triads and, consequently, real-valued as 
well. The imaginary part of the saddle point value of the 
gauge field, TA^, enters the connection coefficients (|51l) . 
Through them it affects the covariant derivative ([5^)1 and 
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the Riemann-like tensor (|55|) . More concretely the con- terms of the classical action are 
nection coefficients 7^ can be decomposed according to 



Df{TLA)d) 



(62) 



f ahc {lAl)d) = (I^&dl, (63) 

with the obvious consequences for the covariant deriva- 
tive, 



(64) 
(65) 
(66) 



This composition reflects in the mass term, 

iCaa = ^{nv,\UV&T^)}h k i{iv K \ l 3 (^T^)} 

on one hand, and in the Riemann-like tensor, 

■RR k m „ = [ftVp.ftV^-EXV^IV,^ (67) 
lR k m „ = [ftV^XV^ + pTV^ftV^. (68) 

on the other. The connection to the imaginary part of 
A® is more direct in Eq. (jFTj) which yields, 



1F; v {A) = \e ahc d b 'dlIR k mv , 
Finally, the BF term becomes, 



nc BF = 

ICbf = 



\ y /gT^"e jmk h lm lR k l ^, 
{ s /^r^e jmk h lm TlR k i flv . 



(69) 
(70) 



(71) 
(72) 



Summing up, at the complex saddle point of the [dA] in- 
tegration the emerging Euclidean Caa and Cbf are both 
complex, whereas before they were real and purely imag- 
inary, respectively. Both terms together determine the 
saddle point value A^. Therefore, they become coupled 
and cannot be considered separately anymore. This was 
already to be expected from the analysis in Minkowski 
space in Sect. HH where the matrix M°' combines T-odd 
and T-even contributions, which originate from Caa and 
Lbf, respectively. There the different contributions be- 
come entangled when the inverse 

(M _1 )"t is calculated. 



A. Weinberg— Salam model 

Finally, let us reformulate the Weinberg-Salam model 
in geometric variables. We omit here the kinematic term 
K(m) and the potential term V(m 2 ) for the sake of 
brevity because they do not interfere with the calcula- 
tions and can be reinstated at every time. The remaining 



S 

£-AA 



Abel 1 /'Abel 1 f* 1 p 1 f* \ 

BB + L BF 1 *"BB H~ L'BF \ *^AA) 



/-Abel g 2 R R 

t-BB ■— 4 D p,v D iivi 

/'Abel . 1 i ^tivK\ r>0 zpO 



(73) 
(74) 
(75) 



and Cbb as well as Cbf have been defined in Eqs. (|40|) 
and (j4*Tj) . respectively. 

The saddle point conditions for the [dA] integration 
with this action are given by 



_>' ~ M W^kA - T'Y/t in (76) 



±e KX » v Df(A)B b K 



-im 2 m a M£ 



±e KA ^B°A - +im z m w -Al (77) 



For the following it is convenient to use linear combina- 
tions of these equations, which are obtained by contrac- 
tion with the eigenvectors /if of the matrix m— — defined 
between Eqs. ([37]) and (|38)) — . 



1 ^k\u,v \ lt a r^ab 
2 6 \Pl ll 



WDf{A)B b KX + tfd,Bl x ] = zmVfm^.(78) 



The non-Abelian term on the left-hand side can be 
rewritten using the results from the first part of Sect. IIIII 
The right-hand side may be expressed in terms of eigen- 
values of the matrix m— . We find (no summation over 

0, 



fix* 



im 2 mia l l/ , 



(79) 



where 



X- v := d*V,\{(^gT k »n + \e^^Bl x . (80) 

The mass term can be decomposed in the eigenbasis of 
m— as well and, subsequently, be formulated in terms of 
the geometric variables, 



Caa = - TJ TY,i m i%% = 



,— l\ab vav 



= 1 (m- v )^X^X^, 



where 



(m )— 2^1 1 M/'Mz- 



(81) 
(82) 



With the help of these relations and the results from 
the beginning of Sect. IIIII we are now in the posi- 
tion to express the classical action in geometric vari- 
ables: The mass term is given in the previous expres- 
sion. It describes a Gaussian distribution of a com- 
posite current. The components of the current are su- 
perpositions of Abelian and non-Abelian contributions. 
This mixture is caused by the symmetry breaking pat- 
tern SU(2)l x U(1)y —> t^(l)om which leaves unbroken 
£/(l) em and not the U(l)y which is a symmetry in the 
unbroken phase. The Abelian antisymmetric fields B° 

in C^B 1 are gauge invariant and we leave Cbb 01 as de- 
fined in Eq. (174|) . In geometric variables Cbb is given 
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by Eq. (J48J) and Cbf by Eq. ([58]). At the end the ki- 
netic term K(m) and the potential term V(m 2 ) should 
be reinstated. 

Additional contributions from fluctuations give rise to 
an addend (on the level of the Lagrangian) proportional 
to | lndet m, where m can be expressed in the new vari- 
ables, mji = f abc d1^fi c k ^gT 1 ^ ~ m 2 Ei miS l3 8 kl g^. 

Repeating the entire calculation not in unitary gauge, 
but with explicit gauge scalars <&, yields exactly the same 
result because the mass term and the saddle point con- 
dition change in unison, such that Eq. (|79p is obtained 
again. This has already been demonstrated explicitly for 
a massive Yang-Mills theory just before Sect. If 11 Al 



IV. SUMMARY 

We have discussed the formulation of massive gauge 
field theories in terms of antisymmetric tensor fields 
(Sect. II) and of geometric variables (Sect. III). The 
description in terms of an antisymmetric tensor field 
B^ v has the advantage that it transforms homogeneously 
under gauge transformations, whereas the usual gauge 
field A® transforms inhomogeneously, which complicates 
a gauge-independent treatment of massive gauge field 
theories. In fact, the (Stuckelberg-like) degrees of free- 
dom needed for a gauge-invariant formulation in terms 
of a Yang-Mills connections are directly absorbed in 
the antisymmetric tensor fields. No scalar field is re- 
quired in order to construct a gauge invariant massive 
theory in terms of the new variables. After recapitu- 
lating the massless case in Sect. IIA, we have treated 
the massive setting in Sect. IIB. After the fixed mass 
case, at the beginning of Sect. IIB, this section encom- 
passes also a position dependent mass (Sect. IIB1), that 
is the Higgs degree of freedom, and a non-diagonal mass 
term (Sect. IIB2). This is required for describing the 
Weinberg-Salam model. In this context, we have identi- 
fied the degrees of freedom which represent the different 
electroweak gauge bosons in the representation by a 
gauge-invariant eigenvector decomposition. 

The Abelian section (App. A) serves as basis for an 
easier understanding of some issues arising in the non- 
Abelian case, like for example vanishing conserved cur- 
rents. In that section we also address the massless limits 
of propagators in the and B^ v representations, respec- 
tively. We notice that while the limit is ill-defined for the 
fields it is well-defined for the fields. That is due 
to the consistent treatment of gauge degrees of freedom 
in the latter case. 

In Sect. Ill we continue with a description of massive 
gauge field theories in terms of geometric variables in 
four space-time dimensions and for two colours. Thereby 
we can eliminate the remaining degrees of freedom which 
are still encoded in the Z?" fields. After deriving the 
expressions for a fixed mass and in the presence of the 
Higgs degree of freedom, respectively, we also investigate 
the Weinberg-Salam model (Sect. [Tn"A"|) . 
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APPENDIX A: ABELIAN 

1. Massless 

The partition function of an Abelian gauge field theory 
without fcrmions is given by 

P := J [dA] exp{i/d 4 x£} (Al) 

with the Lagrangian density 

£ = £ a :=-^F, u F^ (A2) 

and the field tensor 

Fp, := dpA, - hAn. (A3) 

g stands for the coupling constant. The transition to the 
first-order formalism can be performed just like in the 
non-Abelian case, which is treated in the main body of 
the paper. We find the partition function, 

P = J [dA][dB] x 

x exp{z/d 4 xhiF^S^ - sLb^B^]}. (A4) 

Here the antisymmetric tensor field B^ u , like the field 
tensor F^ v , is gauge invariant. The classical equations of 
motion are given by 

d„B^ = and g 2 B^ = -F^, (A5) 

which after elimination of B^ v reproduce the Maxwell 
equations one would obtain from Eq. (|A2|) . Now we can 
formally integrate out the gauge field A^. As no gauge 
is fixed by the BF term because the Abelian field ten- 
sor Ffu, is gauge invariant this gives rise to a functional 
S distribution. This constrains the allowed field configu- 
rations to those for which the conserved current d^B^ v 
vanishes, 

P S [[dB^id^B^eMiS^xl-^B^B^]}. 

(A6) 

2. Massive 

In the massive case the Lagrangian density becomes 
C = Cq + C m , where C m :— ^A^A^. First, we here 
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repeat some steps carried out above in the non-Abelian 
case: We can directly write down the partition function 
in unitary gauge. Regauging like in Eq. (fl8|) leads to 

P = J[dA]'[dU]exp(ifd i x{-^ I F lll ,F>"' + 

+^.[A I1 - iU\d^U)][A» - irf(d*U)]}).(A7) 

The corresponding gauge-invariant Lagrangian then 
reads, 

Cd := -j^F^F^ + ^(D^jt (£>/•$), (A8) 

with the constraint <i>^$ = 1. Constructing a partition 
function in the first-order formalism from the previous 
Lagrangian yields, 

P = J [dA}[d$}[dB] x 

x exp(ifd 4 x{-±B^F^ - ^B^B^ + 



^(d^)][A" - i$(d»&)}}). (A9) 



The $ fields can be absorbed entirely in a gauge- 
transformation of the gauge field A^. The integration 
over <E> decouples. This can also be seen by putting the 
parametrisation $ = e~ l6 into the previous equation and 
carrying out the [dA] integration, 

P^ J[dB][d9]e^{ijd 4 x[^^B^B^ - 

-£*(d*B«»)g lu ,(d x B*') (d,9)(d K B^)}}- 

(A10) 

The only 9 dependent term in the exponent is a total 
derivative and drops out, leading to a factorisation of 
the 9 integral. 

A third way which yields the same final result, starts 
by integrating out the 9 field first. This gives a transverse 
mass term ~ A ll {g llv — ^j L )A v . Integration over A^ then 
leads to the same result as before. 

Instead of a vanishing current d^B^ like in the mass- 
less case, in the massive case the current has a Gaussian 
distribution. The distribution's width is proportional to 
the mass of the gauge boson. 



m — > limit 

In the gauge-field representation the massless limit for 
the classical actions discussed above are smooth. In 
terms of the B^ v field the mass m ends up in the denom- 
inator of the corresponding term in the action. Together 
with the m dependent normalisation factors arising form 
the integrations over the gauge-field in the course of the 
derivation of the Bn V representation, however, the limit 
772 — > still yields the m = result for the partition 
function (Mil. 



Still, it is known that the perturbative propagator for 
a massive photon is ill-defined if the mass goes to zero: 
Variation of the exponent of the Abelian massive parti- 
tion function in unitary gauge with respect to A K and A\ 
gives the inverse propagator for the gauge fields, 



(G ) 



1\kA 



[(P 2 



phys 



)g 



p p 



(All) 



which here is already transformed to momentum space. 
The corresponding equation of motion, 



is solved by 
Gxfj, = 



(G 1 ) kA Ga a1 = 



3A M 



PXPp 



P 2 - W phys m phys P 2 ~ TO phys 



(A12) 



(A13) 



with boundary conditions (an e prescription) to be spec- 
ified and m p hy S := mg. This propagator diverges in the 
limit 777 — > 0. 

In the representation based on the antisymmetric ten- 
sor fields, variation of the exponent of the partition func- 
tion (|A10|) with respect to the fields B^ v and B K \ yields 
the inverse propagator 



(G 



-1 \fiu\K A 



5 M V A - 5™5 mA + 



-d fi d x g UK + d u d x g" K ), (A14) 



already expressed in momentum space. Variation with 
respect to B^ v instead of B^ v corresponds only to a 
reshuffling of the Lorentz indices and gives an equiva- 
lent description. The antisymmetric structure of the in- 
verse propagator is due to the antisymmetry of B^ v . The 
equation of motion is then given by 



(G )>" G KA | pCT - g^g a - g£g p 
and solved by 



(A15) 



2G kA | p<t — {g Kp g\cr — gnag\p) 



1 



p 2 — 777 2 



phys 



x (p K p P g\a - p K p*g\ P - 

P\P P gKcr +P\Pag Kp ). (A16) 

Here we observe that the limit m — > is well-defined, 



z ^KX\pa * gnpgxa — g^gxp — 

-^{PnP P g\a -P^PagXp 
- P\PpQ 'ko +P\Pag K p)- 



(A17) 



This is due to the consistent treatment of the gauge de- 
grees of freedom in the second approach. 
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